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These p

se-space converting techniques being develope
ently to enhance the performance of electron beams f

ations.  We review these appl
sic principles of the converters, and the status of 

experimental demonstration of these techniques.   

EMITTANCE EXCHANGE AND FLAT 
BEAM TRANSFORM 

The emittance exchange (EEX) is an interchange of the 
distributions in two separate 2-D subspaces of the 6-D 
phase space [1,2].  Figure 1 illustrates the exchange 
between the transverse (x, x’) space and the long
(z, δ) space.  In this exchange, the emittances in the x- and 
the z-directions, εx and εz, become interchanged in
and εx.  Although the exchange is feasible between
two subspaces, we limit the discussion in this paper to t
exchange between the (x,x’) and (z,δ) subspaces. 

g
e the distributions before and after the EEX, 

respectively, while the left (blue) and right (red) graphs 
are the dist  in the transverse and longitudinal 
phase space, ourtesy of P. Emma). 

 
The flat beam transform
round beam from a source with equal x- and y-

emittances 00
yx εε =  to a flat beam with unequal 

emittances εx and εz of an arbitrary ratio ε /ε , keeping the 

or in combination, can enhance the power 
beams for certain applications, as discussed i

llowing section.  
_____________ 
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APPLICATIONS 

We discuss some examples of application of the phase-
space-converting techniques in high-gain free-electron 
lasers (FELs), linear colliders, high-power infrared (IR) 
FELs, and Smith-Purcell backward-wave oscillators 
(BWOs). 

Matched Beams for High-Gain FELs 
For optimum performance of a free-electron laser 

(FEL), the emittance of the driving electro

 

n beam should 
no be larger than that of the radiation beam: 

 

t 

πγλε 4/≤x , (1

e λ and γ are the radiation wavelength and el
y in units of its rest energy, respectively. Throughout 
aper, emittances will be understood to be th

alized value.  For a 1-Å FEL driven by 5-
beams, the matched emittance is then εx

, an order of magnitude smaller than achievable by
 state-of-the-art injectors. In the current high

x-ray FEL projects, such as the Linac Cohere

) 

wher ectron 
energ
this p e rms, 
norm GeV 
electron  ~ 0.1 
µm  the 
current -gain 

nt Light 

ndition is partially overcome by increasing 
few 

Source (LCLS) [5] and the European x-FEL [6], the 
reduction in gain arising from the violation of the 
matching co
the  current and the energy of the electron beam to a 
kA and to E >15 GeV, respectively. The deflection 
parameter needs to be also increased, to K ~ 3.7 for the 
LCLS.  

Electron beams matched to high-gain x-FEL operation 
can be produced by a combined use of EEX and FBT as 
follows [2]. The measured slice energy spread from a 
photocathode gun for 4-nC beam is about 4 keV [7].  For 
the low-charge case (30 pC) considered here, we may 
assume that the rms energy spread is σΔE = 1.5 keV, 
corresponding to the rms spread of γ, σΔγ = 0.003.  The 
longitudinal emittance of a short electron beam of rms 
length σz = 34 µm then becomes == Δγσσε zz 0.1 µm. 
Assuming that the gun current is I = 100A, the bunch 
charge is 28 e transverse dimensions, a round 
beam with 00

yx εε =  = 1 µm is transformed via FBT to 

obtain a flat beam with =),( yx

 pC.  In th

εε (10, 0.1) µm.  The x- 
and the z- emittances are then exchanged, giving rise to 
the final partition of emittances =),,( zyx εεε (0.1,0.1,10) 
µm.  The transverse emittances are now matched to the x-
ray emittance. The longitudinal phase space should then 
be adjusted at some convenient point before the FEL so 
that the relativ

(

e energy spread becomes smaller than the 
maximum allowed for the FEL operation, about 10-4. The 
bunch length then becomes 3.4 µm at 15 GeV, about ten 

sonance condition.) Curve (a) 
co

 of 

 two 5-GeV, 6-km 
damping rings, one for electrons and one for positrons.  

For the electrons characteristics can 
be pr

average of the required transverse 

times shorter.  The current therefore becomes about ten 
times higher, I = 1 kA. Figure 2 shows the advantages of 
the matched electron beam for a future  “green field,” 0.4-
Å FEL [8] by plotting the gain length as a function of K, 
assuming that the undulator period is 3 cm and the 
relative energy spread is 10-4.  (The electron energy is 
determined from the re

rresponds to the case of the LCLS with I = 3.5 kA and 
εx= εy=1 µm, while curve (b) corresponds to the matched 
case with I= 1 kA and εx= εy=0.1 µm.  The gain length for 
curve (b) is shorter by more than a factor of three than 
that of curve (a).  In addition, the gain is almost 
independent of the K for curve (b), permitting the use of a 
small value of K.  A smaller value of K has advantages 
since the resonant electron energy is lower, making the 
device less expensive and also suppressing the harmful 
spontaneous radiation at high harmonics.   

 

 
Figure 2: Comparison of FEL performances (courtesy
Z. Huang). 

ILC Electron Beams without Damping Ring  
The transverse emittances of the electron and positron 

beams in a linear collider should be small for high-
luminosity operation. The emittance in the vertical (y) 
direction needs to be particularly small to suppress 
quantum bremsstrahlung.  The emittances t 
International Linear Collider (ILC) design are 
εx,εy,εz)=(8,0.02,3000) µm for each 3-nC bunch [9].  

These bunches are to be produced from

in the curren

, beams of similar 
compact system cooduced in a nsisting of an rf 

photocathode gun and phase-space converters. Since the 
geometric 
emittances, yxT εεε = = 0.4 µm, is not very small, a 

fut

ed by an 
FBT technique alone.  Otherwise we can start from 

ure rf photocathode gun may be able to produce a 
round, 3-nC bunches with the transverse emittance εT. n 
that case, the ILC electron beam can be produc

 I
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50) µm by an 

tance in the 
 than the ILC 

-class IR FEL 

sue since the energy spread induced by the FEL 
interaction becom e spread when the 
lectrons are 

The usual approac beam manipulation in 
he beam in the 

reduce the energy spread 
efore decele
The em

ransverse beam 
arameters are matc

(εx,εy,εz) = (1,1,8) µm, perfo
(50,0.02,8) µm, and finally obtain (8,0.02,
(x-z) EEX.  Note that the longitudinal emit
final emittance partition is much smaller
specification. 

EEX for MW-Class IR FEL  
A major problem for designing a MW

based on an energy recovery linac (ERL) for 
industrial/military application is how to dispose of the 
high-power electron beam with a negligible loss.  This is a 
serious is

es a large relativ
decelerated to a low en

h is to rely on 
e ergy before the dump.  

longitudinal phase space—rotating t
longitudinal phase space to 
b

ore versatile 
ration [10]. 

ittance exchange may provide a m
solution than one based on longitudinal manipulation 
alone.  A preliminary concept by P. Piot is illustrated in 
Fig. 3, where the transverse and longitudinal beam phase-
space distributions at different points are schematically 
illustrated by red and green ellipses, respectively.  An 
EEX section is inserted between the FEL exit and the 
return arc.  Before the EEX, the t
p  they provide the desired hed such that
bunch length and correlated energy spread after the EEX 
and before deceleration starts.  
 

 
Figure 3: An ERL/FEL configuration with an EEX section 
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stance Δy.  For a grating length L, 
e restriction to irection norm

the grating Lyy /)( 2Δ≤ βγε .  

e case studied in Ref. 14, βγ = 0.35, L = 2 cm, and 
y = 20 mm, thus

well suited for pr  

to  loss (cnimize the beam

Smith-Purcell BWO for 
ourtesy of P. Piot). 

Terahertz Radiation 
A Smith-Purcell BWO is interesting as a potential 

source of intense Terahertz radiation [11-14]. For a tight 
beam-grating coupling, electrons must travel close to the 
grating surface at a di
th  d al to  the emittance in the

surface, the y-direction, is

In th
Δ he FBT technique is  εy < 3 10-3 μm. T

oducing such a beam.

PRINCIPLES 
We will now summarize basic principles of phase-space 

converters. 

Emittance Exchange Theorem 
The particle coordinates in the (x-z) phase space is 

defined by either the column vector X or row vector X~ , 
where the tilde denotes the transpose operation:  
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where the angular brackets denote taking the a
The beam matrix is decomposed into 2×2 submatrices as 
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)(,)( zzxx DetDet Σ=Σ= εε . (5) 

 the beam matrix is “uncoupled,” that 
, when Det(Σc) = 0.   
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For a atrix M is 

 

These are referred to as the “projected” emittances if the 
coupling Det(Σc) does not vanish.  The emittance concept 
is most useful when
is

der a beamline giving rise to a linear 
ormation of the phase-space vector 

B

MXX → . (6
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Suppose M connects an uncoupled beam matrix to another 
istence of two invariants, one 

r of the 

 ,( x

uncoupled one. From the ex
can show that the emittances transform in eithe

llowing two ways:  fo

),() yxy εεεε → ,  (10) 

or  

 ),(),( xzzx εεεε → . (11) 

In the fi  separately 
conserved, while they are c

rst case, the emittances are
ompletely exchanged in the 

second case, Eq. (11). This is the emittance exchange 
theorem first proved by E. Courant [15]. 

Construction of Exact (x,z) Exchange 
An exact exchange is a transformation for which the 

two off-diagonal 2×2 submatrices of the transformation 
matrix M vanish.  A necessary condition for such a 
transformation is that it cancels out an arbitrary initial 
energy deviation δ for a particle with initial x = x’ = 0.  
Consider a dispersive element producing a dispersion η 
followed by a deflection cavity producing an x-dependent 
δ-kick of coefficient k.  The energy of the particle after the 
dog-leg and the transverse cavity is )(ηδδ ×+ k , which 
vanishes if k = −1/η. 

A beamline in
by two identical ed in Fig. 4, was 
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Figure 4: An exact exchange beamline. 
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Flat-Beam Generation 
T

al 
magnetic field B. The canonical angular momentum is 
converted into kinetic angular momentum as the beam 

 which a transverse c
 dog-legs, as sketch

avity is sandwiched 

shown by the author to induce an exact (x-z) exchange 
[16].  This is a refinement of an imate 
exchange scheme in which the second dogleg is in the 
reverse direction [1].  The fact that the beamline shown in 
Fig. 4 produces a

 earlier, approx

usi trices of a 
d

e following expressions for the ma
d a thin cavity (k = −1/η):  
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Figure 5: A general structure for exact emittance 
exchange. 
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A simple solution Eq. (15) is to choose η = 0 and 
MI = MI = Mdogleg, shown in Fig. 4 [16].  Recently, H. 
Edwards found another solution in which MF consists of a 
quadrupole magnet followed by a dipole [18]. 

he principles of FBT are illustrated by Fig. 6: 
 

 
Figure 6: A schematic of FBT. 

Electrons are produced with canonical angular 
momentum from a photocathode immersed in an axi

Xth 
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leaves the magnetic field region.  A set of quadrupoles 
then removes the kinetic angular momentum and the 
beam becomes flat as a consequence [19].  The process 
can be analyzed by different methods [20

 −+± =±= εεεεε theff ,L  . (21) 

 

,21]. Below we 
fo

co

llow the analysis of Ref. 21.   
The motion of an electron in an axial magnetic field is 

conveniently studied in a frame rotating around the z-axis 
with the spatial angular frequency κ = qB/2mc, since the 
transverse motion in this frame is a simple betatron 
motion of variable focusing strength [22] 

 0),(),( 2 =+′′ yxyx κ . (16) 

Let the transverse phase space coordinates of an electron 
as it leaves the cathode surface be )',,',(~ yyxxXth = . The 

When thε>>L , as is usually the case, the beam becomes 
 flat with the emittance ratio very
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in FBT by adjusting the magnetic field.  This is in contrast 
e case of EEX where the final emitt

the intial values.  Does FBT then violate the emittan
exchange theorem? It does not, since the transformation 

→ X0 is non-symth
theorem is not violated since the coupling does not vanish 

e beam matrix 0
momentum. 

DEMONSTRATION EXPERIMENTS 

Flat-Beam Production  
 demonstration experiment for FBT was performed at 

the Fermilab A0 facility led by D. Edwards and H. 
Edwards, achieving an emittance ratio of 40 [23].  A study 

he effects limiting the ratio was performed by Y.-e. 
 as a part of her thesis research at the University of 

Chicago [24]. The ratio was later increased to 100 by P. 
Piot et al. [25].  Further work is necessary since the 
emittance ratio required for applications i

Emittance Exchange Experiment 
emonstration expeD riments for EEX are being pursu

. at two facilities, the Fermilab A0 and Argonne AWA
status of the Fermilab experiment is reported in these 
proceedings [26].  The beamline is in a double dogleg 

figuration as con in Fig. 4.  A 5-cell, 3.9-GHz deflecting 
cavity is fabricated for operation at LiN temperature [27].  

 plan for the first experiment is to perfThe orm EEX 
(εx,εy,εz) = (4,4,130) µm → (130,3,3) µm. 

The Argonne AWA experiment is being pursued 
L-A Hcollaboration of AN PS, ANL- EP, NIU, and 

Tsinghua University [28].  The beamline will again be in 
uble dogleg configuration.  A (1/2)-1-(1/2) cell, L-

 of the quadrupoles removing th
omentum can be represented by a symplectic matrix 

MQ:  
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band deflecting cavity is under construction at Tsinghua 
University.  The initial emittances in this experiment 
planned at this time are (εx,εy,εz) = (9,9,4) µm, which will 
become (4,9,4) µm after EEX.  The small longitudinal 

tance will be generated by employing a short laser 
Q 2 4D

introduced in Eq. (9) are both conserved.   It then follows 
  

plectic, the quanti
pulse, 600 fs.  The emittance evolution 
to the beginning of the exchanger is shown i



 

 

Demonstration experiments must deal with various 
effects not described by theoretical discussions in terms of 
ideal elements, such as the finite length of the cavity, 
nonlinearities, etc. [29,30]. Care must also be exercised in 
properly assessing instabilities such as those due to CSR.  
A suite of diagnostics that can satisfactorily measure the 
relevant elements of the beam matrix will be essential for 
the success of these experiments. This is a challenging but 
worthwhile effort in view of the promising applications of 
the phase-space converters. 

 
Figure 7: Emittance evaluation from the cathode to the 
exchanger for the ANL experiment (courtesy of M. 
Rihaui). 
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